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ON CENTRAL COMPLETE BELL POLYNOMIALS
TAEKYUN KIM, DAE SAN KIM, AND GWAN-WOO JANG
Abstract. In this paper, we consider central complete and incomplete Bell
polynomials which are generalizations of the recently introduced central
Bell polynomials and ’central’ analogues for the complete and incomplete
Bell polynomials. We investigate some properties and identities for these
polynomials. Especially, we give explicit formulas for the central complete
and incomplete Bell polynomials related to central factorial numbers of the
second kind.
1. Introduction
The Stirling numbers of the second kind are given by
1
k!
(et − 1)k =
∞∑
n=k
S2(n, k)
tn
n!
, (see [4, 5, 7, 8, 13, 14]). (1.1)
It is well known that the Bell polynomials (also called Tochard polynomials
or exponential polynomials) are defined by
ex(e
t
−1) =
∞∑
n=0
Bn(x)
tn
n!
, (see [1, 5, 9, 10, 12, 16]). (1.2)
From (1.1) and (1.2), we note that
Bn(x) = e
−x
∞∑
k=0
kn
k!
xk
=
n∑
k=0
xkS2(n, k), (n ≥ 0), (see [2, 4, 5]).
(1.3)
When x = 1, Bn = Bn(1) are called Bell numbers.
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2 On central complete Bell polynomials
The (exponential) incomplete Bell polynomials (also called (exponential) par-
tial Bell polynomials) are defined by the generating function
1
k!
( ∞∑
m=1
xm
tm
m!
)k
=
∞∑
n=k
Bn,k(x1, · · · , xn−k+1)
tn
n!
, (k ≥ 0), (see [12, 16]).
(1.4)
Thus, by (1.4), we get
Bn,k(x1, · · · , xn−k+1) =
∑ n!
i1!i2! · · · in−k+1!
(x1
1!
)i1(x2
2!
)i2
× · · ·
×
( xn−k+1
(n− k + 1)!
)in−k+1
,
(1.5)
where the summation is over all integers i1, · · · , in−k+1 ≥ 0 such that i1 + i2 +
· · ·+ in−k+1 = k and i1 + 2i2 + · · ·+ (n− k + 1)in−k+1 = n.
From (1.1) and (1.4), we note that
Bn,k (1, 1, · · · , 1)︸ ︷︷ ︸
n−k+1−times
= S2(n, k), (n, k ≥ 0).
(1.6)
By (1.5), we easily get
Bn,k(αx1, αx2, · · · , αxn−k+1) = α
kBn,k(x1, x2, · · · , xn−k+1) (1.7)
and
Bn,k(αx1, α
2x2, · · · , α
n−k+1xn−k+1) = α
nBn,k(x1, x2, · · · , xn−k+1), (1.8)
where α ∈ R (see [12, 14]).
From (1.4), we easily note that
∞∑
n=k
Bn,k(x, 1, 0, 0, · · · , 0)
tn
n!
=
1
k!
(
xt+
t2
2
)k
=
tk
k!
k∑
n=0
(
k
n
)( t
2
)n
xk−n
=
k∑
n=0
(n+ k)!
k!
(
k
n
)
1
2n
xk−n
tn+k
(n+ k)!
,
(1.9)
and
∞∑
n=k
Bn,k(x, 1, 0, 0, · · · , 0)
tn
n!
=
∞∑
n=0
Bn+k,k(x, 1, 0, · · · , 0)
tn+k
(n+ k)!
. (1.10)
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By comparing the coefficients on both sides of (1.9) and (1.10), we get
Bn+k,k(x, 1, 0, · · · , 0) =
(n+ k)!
k!
(
k
n
)
1
2n
xk−n, (0 ≤ n ≤ k). (1.11)
By replacing n by n− k in (1.11), we get
Bn,k(x, 1, 0, · · · , 0) =
n!
k!
(
k
n− k
)
x2k−n
(1
2
)n−k
, (k ≤ n ≤ 2k). (1.12)
The (exponential) complete Bell polynomials are defined by
exp
( ∞∑
i=1
xi
ti
i!
)
=
∞∑
n=0
Bn(x1, x2, · · · , xn)
tn
n!
. (1.13)
Then, by (1.4) and (1.13), we get
Bn(x1, x2, · · · , xn) =
n∑
k=0
Bn,k(x1, x2, · · · , xn−k+1) (1.14)
From (1.3), (1.6), (1.7) and (1.14), we have
Bn(x, x, · · · , x) =
n∑
k=0
xkBn,k(1, 1, · · · , 1)
=
n∑
k=0
xkS2(n, k) = Bn(x), (n ≥ 0).
(1.15)
It is known that the central factorial numbers of the second kind are given by
1
k!
(
e
t
2 − e−
t
2
)k
=
∞∑
n=k
T (n, k)
tn
n!
, (see [3, 9, 11]), (1.16)
where k ≥ 0.
From (1.16), we can derive the following equation
T (n, k) =
1
k!
k∑
j=0
(
k
j
)
(−1)k−j
(
j −
k
2
)n
, (1.17)
where n, k ∈ Z with n ≥ k ≥ 0, (see [8, 9, 11]).
In [11], the central Bell polynomials B
(c)
n (x) are defined by
B(c)n (x) =
n∑
k=0
T (n, k)xk, (n ≥ 0). (1.18)
When x = 1, B
(c)
n = B
(c)
n (1) are called the central Bell numbers.
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From (1.18), we can derive the generating function for the central Bell poly-
nomials as follows:
e
x
(
e
t
2−e
−
t
2
)
=
∞∑
n=0
B(c)n (x)
tn
n!
, (see [9]). (1.19)
Thus, by (1.19), we have the following Dobinski-like formula
B(c)n (x) =
∞∑
l=0
∞∑
j=0
(
l + j
j
)
(−1)j
1
(l + j)!
( l
2
−
j
2
)n
xl+j , (1.20)
where n ≥ 0 (see [9]).
Motivated by (1.4) and (1.13), we introduce central complete and incom-
plete Bell polynomials and investigate some properties and identities for these
polynomials. Especially, we give explicit formulas for the central complete and
incomplete Bell polynomials related to central factorial numbers of the second
kind.
2. On central complete and incomplete Bell polynomials
In view of (1.13), we consider the central incomplete Bell polynomials which
are given by
1
k!
( ∞∑
m=1
1
2m
(xm − (−1)
mxm)
tm
m!
)k
=
∞∑
n=k
Tn,k(x1, x2, · · · , xn−k+1)
tn
n!
, (2.1)
where k = 0, 1, 2, 3, · · · .
For n, k ≥ 0 with n− k ≡ 0 (mod 2), by (1.4) and (1.5), we get
Tn,k(x1, x2, · · · , xn−k+1) =
∑ n!
i1!i2! · · · in−k+1!
(x1
1!
)i1( 0
2 · 2!
)i2
× (
x3
22 · 3!
)i3
· · ·
( xn−k+1
2n−k(n− k + 1)!
)in−k+1
,
(2.2)
where the summation is over all integers i1, i2, · · · , in−k+1 ≥ 0 such that i1 +
· · ·+ in−k+1 = k and i1 + 2i2 + · · ·+ (n− k + 1)in−k+1 = n.
From (1.5) and (2.2), we note that
Tn,k(x1, x2, · · · , xn−k+1) = Bn,k
(
x1, 0,
x3
22
, 0, · · · ,
xn−k+1
2n−k
)
, (2.3)
where n, k ≥ 0 with n− k ≡ 0 (mod 2) and n ≥ k.
Therefore, we obtain the following lemma.
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Lemma 2.1. For n, k ≥ 0 with n ≥ k and n− k ≡ 0 (mod 2), we have
Tn,k(x1, x2, · · · , xn−k+1) = Bn,k
(
x1, 0,
x3
22
, 0, · · · ,
xn−k+1
2n−k
)
.
For n, k ≥ 0 with n ≥ k and n− k ≡ 0 (mod 2), by (2.1), we get
∞∑
n=k
Tn,k(x, x
2, x3, · · · , xn−k+1)
tn
n!
=
1
k!
(
xt+
x3
22
t3
3!
+
x5
24
t5
5!
+ · · ·
)k
=
1
k!
(
e
x
2
t − e−
x
2
t
)k
=
1
k!
e−
kx
2
t
(
ext − 1
)k
=
1
k!
k∑
l=0
(
k
l
)
(−1)k−le(l−
k
2
)xt
=
1
k!
k∑
l=0
(
k
l
)
(−1)k−l
∞∑
n=0
(
l −
k
2
)n
xn
tn
n!
=
∞∑
n=0
(xn
k!
k∑
l=0
(
k
l
)
(−1)k−l
(
l −
k
2
)n) tn
n!
.
(2.4)
Therefore, by comparing the coefficients on both sides of (2.4), we obtain the
following theorem.
Theorem 2.2. For n, k ≥ 0 with n− k ≡ 0 (mod 2), we have
xn
k!
k∑
l=0
(
k
l
)
(−1)k−l
(
l −
k
2
)n
=
{
Tn,k(x, x
2, · · · , xn−k+1), ifn ≥ k,
0, ifn < k.
(2.5)
In particular
1
k!
k∑
l=0
(
k
l
)
(−1)k−l
(
l −
k
2
)n
=
{
Tn,k(1, 1, · · · , 1), ifn ≥ k,
0, ifn < k.
(2.6)
For n, k ≥ 0 with n− k ≡ 0 (mod 2) and n ≥ k, by (1.17) and (2.6), we get
Tn,k(1, 1, · · · , 1) = T (n, k). (2.7)
Therefore, by (2.5) and (2.6), we obtain the following corollary
Corollary 2.3. For n, k ≥ 0 with n− k ≡ 0 (mod 2), n ≥ k, we have
Tn,k(x, x
2, · · · , xn−k+1) = xnTn,k(1, 1, · · · , 1)
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and
Tn,k(1, 1, · · · , 1) = T (n, k) = Bn,k
(
1, 0,
1
22
, · · · ,
1
2n−k
)
=
∑ n!
i1!i3! · · · in−k+1!
( 1
1!
)i1( 1
223!
)i3
· · ·
( 1
2n−k(n− k + 1)!
)in−k+1
,
where i1 + i3 + · · ·+ in−k+1 = k and i1 + 3i3 + · · ·+ (n− k + 1)in−k+1 = n.
For n, k ≥ 0 with n ≥ k and n− k ≡ 0 (mod 2), we observe that
∞∑
n=k
Tn,k(x, 1, 0, 0, · · · , 0)
tn
n!
=
1
k!
(xt)k. (2.8)
Thus we have
Tn,k(x, 1, 0, · · · , 0) = x
k
(
0
n− k
)
.
For n, k ≥ 0 with n− k ≡ 0 (mod 2), n ≥ k, by (2.2), we get
Tn,k(x1, x2, · · · , xn−k+1) =
∑ n!
i1!i3! · · · in−k+1!
(x1
1!
)i1
(
x3
22 · 3!
)i3
× · · · ×
( xn−k+1
2n−k(n− k + 1)!
)in−k+1
,
(2.9)
where the summation is over all integers i1, i2, · · · , in−k+1 ≥ 0 such that i1 +
i3 + · · ·+ in−k+1 = k and i1 + 3i3 + · · ·+ (n− k + 1)in−k+1 = n.
By (2.9), we easily get
Tn,k(x, x, · · · , x) = x
kTn,k(1, 1, · · · , 1) (2.10)
and
Tn,k(αx1, αx2, · · · , αxn−k+1) = α
kTn,k(x1, x2, · · · , xn−k+1),
where n, k ≥ 0 with n− k ≡ 0 (mod 2) and n ≥ k.
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Now, we observe that
exp
(
x
∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
)
=
∞∑
k=0
xk
1
k!
( ∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
)k
= 1 +
∞∑
k=1
xk
1
k!
( ∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
)k
= 1 +
∞∑
k=1
xk
∞∑
n=k
Tn,k(x1, x2, · · · , xn−k+1)
tn
n!
= 1 +
∞∑
n=1
( n∑
k=1
xkTn,k(x1, x2, · · · , xn−k+1)
) tn
n!
.
(2.11)
In view of (1.13), we define the central complete Bell polynomials by
exp
(
x
∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
)
=
∞∑
n=0
B(c)n (x|x1, x2, · · · , xn)
tn
n!
. (2.12)
Thus, by (2.11) and (2.12), we get
B(c)n (x|x1, x2, · · · , xn) =
n∑
k=0
xkTn,k(x1, x2, · · · , xn−k+1). (2.13)
When x = 1, B
(c)
n (1|x1, x2, · · · , xn) = B
(c)
n (x1, x2, · · · , xn) are called the central
complete Bell numbers.
For n ≥ 0, we have
B(c)n (x1, x2, · · · , xn) =
n∑
k=0
Tn,k(x1, x2, · · · , xn−k+1) (2.14)
and
B
(c)
0 (x1, x2, · · · , xn) = 1.
By (1.18) and (2.13), we get
B(c)n (1, 1, · · · , 1) =
n∑
k=0
Tn,k(1, 1, · · · , 1) =
n∑
k=0
T (n, k) = B(c)n , (2.15)
and
B(c)n (x|1, 1, · · · , 1) =
n∑
k=0
xkTn,k(1, 1, · · · , 1) =
n∑
k=0
xkT (n, k) = B(c)n (x). (2.16)
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From (2.11), we note that
exp
( ∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
)
= 1 +
∞∑
n=1
1
n!
( ∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
)n
= 1 +
1
1!
∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
+
1
2!
( ∞∑
i=1
(1
2
)i
(xi − (−1)
i
× xi)
ti
i!
)2
+
1
3!
( ∞∑
i=1
(1
2
)i
(xi − (−1)
ixi)
ti
i!
)3
+ · · ·
= 1 +
1
1!
x1t+
1
2!
x21t
2 +
( 1
3!22
x3 +
x31
3!
)
t3 + · · ·
=
∞∑
n=0
( ∑
m1+2m2+···+nmn=n
n!
m1!m2! · · ·mn!
(x1
1!
)m1( 0
2!
)m2
×
( x3
3!22
)m3
· · ·
(xn(1− (−1)n)
n!2n
)mn) tn
n!
.
(2.17)
Now, for n ∈ N with n ≡ 1 (mod 2), by (2.12), (2.14) and (2.17), we get
B(c)n (x1, x2, · · · , xn) =
n∑
k=0
Tn,k(x1, x2, · · · , xn−k+1)
=
∑
m1+3m3+···+nmn=n
n!
m1!m3! · · ·mn!
(x1
1!
)m1( x3
3!22
)m3
· · ·
( xn
n!2n−1
)mn
.
(2.18)
Therefore, by (2.18), we obtain the following theorem
Theorem 2.4. For n ∈ N with n ≡ 1 (mod 2), we have
B(c)n (x1, x2, · · · , xn) = =
∑
m1+3m3+···+nmn=n
n!
m1!m3! · · ·mn!
(x1
1!
)m1
×
( x3
3!22
)m3
· · ·
( xn
n!2n−1
)mn
.
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We note that
exp
(
x
∞∑
i=1
(1
2
)i(
1− (−1)i
) ti
i!
)
= 1 +
∞∑
k=1
xk
k!
( ∞∑
n=k
(1
2
)i(
1− (−1)i
) ti
i!
)k
= 1 +
∞∑
k=1
xk
∞∑
n=k
Tn,k(1, 1, · · · , 1)
tn
n!
= 1 +
∞∑
n=1
( n∑
k=1
xkTn,k(1, 1, · · · , 1)
) tn
n!
.
(2.19)
On the other hand, from (1.19) we have
exp
(
x
∞∑
i=1
(1
2
)i(
1− (−1)i
) ti
i!
)
= exp
(
x
(
t+
1
22
t3 +
1
24
t5 + · · ·
))
= exp
(
x
(
e
t
2 − e−
t
2
))
=
∞∑
n=0
B(c)n (x)
tn
n!
.
(2.20)
Therefore, by (2.19) and (2.20), we obtain the following theorem.
Theorem 2.5. For n, k ≥ 0 with n ≥ k, we have
n∑
k=0
xkTn,k(1, 1, · · · , 1) = B
(c)
n (x).
From Theorem 2.5, we note that
n∑
k=0
xkTn,k(1, 1, · · · , 1) =
n∑
k=0
Tn,k(x, x, · · · , x) = B
(c)
n (x, x, · · · , x). (2.21)
Therefore, by Theorem 2.5 and (2.21), we obtain the following corollary.
Corollary 2.6. For n ≥ 0, we have
B(c)n (x, x, · · · , x) = B
(c)
n (x).
It is known that the Stirling numbers of the first kind are given by the gen-
erating function
1
k!
(
log(1 + t)
)k
=
∞∑
n=k
S1(n, k)
tn
n!
, (k ≥ 0), (see [4, 6]). (2.22)
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By (2.22), we easily get
1
k!
log
(
1 +
x
1− x2
)
=
∞∑
l=k
S1(l, k)
1
l!
( x
1− x2
)l
=
∞∑
l=k
S1(l, k)
xl
l!
(
1−
x
2
)
−l
=
∞∑
l=k
1
l!
S1(l, k)
∞∑
n=l
(
n− 1
l − 1
)(1
2
)n−l
xn
=
∞∑
n=k
( n∑
l=k
1
l!
S1(l, k)
(
n− 1
l− 1
)(1
2
)n−l)
xn.
(2.23)
From (2.1) and (2.23), we can derive the following equation.
∞∑
n=k
Tn,k(0!, 1!, 2!, · · · , (n− k)!
) tn
n!
=
1
k!
(
t+
(1
2
)2 t3
3
+
(1
2
)4 t5
5
+
(1
2
)6 t7
7
+ · · ·
)k
=
1
k!
(
log
(
1 +
t
2
)
− log
(
1−
t
2
))k
=
1
k!
(
log
(1 + t2
1− t2
))k
=
1
k!
(
log
(
1 +
t
1− t2
))k
=
∞∑
n=k
( n∑
l=k
S1(l, k)
l!
(
n− 1
l− 1
)(1
2
)n−l)
tn.
(2.24)
By comparing the coefficients on both sides of (2.24), we obtain the following
theorem.
Theorem 2.7. For n, k ≥ 0 with n ≥ k, we have
Tn,k
(
0!, 1!, 2!, · · · , (n− k)!
)
= n!
n∑
l=k
S1(l, k)
l!
(
n− 1
l − 1
)(1
2
)n−l
.
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